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1 The Yoneda Lemma

1.1 Two versions of the Yoneda lemma

Lemma 1.1 (Yoneda). Let C be a small category, and let hC : C → Fun(Cop,Set) be
hC(A) = hA = HomC(·, A) and if f : A → B, then hC(f)X : Hom(X,A) → Hom(X,B)
sends (g : X → A) 7→ (f ◦ g : X → B). Then hC is fully faithful.

Proof. To show that hC is faithful, let f, g : A→ B, and suppose that hC(f) = hC(g). THen
hC(f)A, hC(g)A : Hom(A,A) → Hom(A,B) maps 1A 7→ f ◦ 1A = f and 1A 7→ g ◦ 1A = g.
So f = g.

To show that hC is full, let {ηX} : hA → hB. We claim that hC(ηA(1A)) = η.

hA(A) hB(A)

hA(C) hB(C)

ηA

hA(f) hB(f)

ηC

This is
Hom(A,A) Hom(B,B)

Hom(C,A) Hom(C,B).

ηA

hA(f) hB(f)

ηC

Since this diagram commutes, ηC ◦ hA(f) = hB(f) ◦ ηA. So they are equal on evaution on
an element. Then ηC ◦ hA(f)[1A] = hB(f) ◦ ηA[1A], so ηC [f ] = ηA[1A] ◦ f . In particular,
η = hC(ηA[1A]).

Lemma 1.2 (Yoneda, strengthened). Let C be a small category, let hC : C → Fun(Cop,Set)
be the Yoneda embedding, and let F : Cop → Set. Then Nat(hA, F ) is in bijection with
F (A).
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Proof. Define Φ : Nat(hA, F ) → F (A) given by ηA : hA(A) → F (A), which sends
1A 7→ ηA(1A). Define Ψ : F (A) → Nat(hA, F ). Then, for x ∈ F (A), Ψ(x)B : hA(B) =
Hom(B,A)→ F (B) is Ψ(x) = evx ◦F .

We claim that Φ ◦ Ψ is the identity on F (A). Let x ∈ F (A). Then Φ(Ψ(x)) =
Φ(evx ◦F ) = evx ◦1F (A) = x. (Ψ ◦ Φ)(η) = Ψ(ηA(1A)) = evηA(1A) ◦F . Let f : B → A.
Then

Hom(A,A) F (A)

Hom(B,A) F (B).

ηA

hA(f) F (f)

ηB

So F (f) ◦ ηA = ηB ◦ hA(f), which means F (f) ◦ ηA(1A) = ηB ◦ hA(f)(1A). The left hand
side is Φ ◦ Φ(η)B[f ], and the right hand side is ηB(f). Therefore, Ψ ◦ Φ(η) = η.

This form of the Yoneda lemma implies the previous version.

Corollary 1.1 (Yoneda lemma). Let C be a small category, and let hC : C → Fun(Cop, Set).
Then hC is fully faithful.

Proof. Let B ∈ Obj(C). Consider F = hB −HomC(·, B). Then Nat(hA, hB) is in bijection
(via F ) with hB(A) = HomC(A,B).

1.2 Partially ordered sets

Definition 1.1. A partially ordered set (poset) is a set S with a relation ≤ on S such
that

1. x ≤ x for all x ∈ S,

2. if x ≤ y and y ≤ x, then x = y,

3. if x ≤ y and y ≤ z, then x ≤ z.

We can turn a poset into a category. Let Obj(CS) = S and

HomCS (X,Y ) =

{
{unique morphism} x ≤ y
∅ otherwise.
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